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1 Introduction 

H, 

r^ _ Let E be a closed Riemannian surface and let G be a compact Lie group, whose Lie algebra 

will be denoted by g. We will consider a trivialized G-bundle over E. The first goal of 
this paper is to provide some understanding of the L^-topology on the space of connections 
C^ ■ -^(S) = f^^(S;fl) and its quotient by the gauge group 5(E) ~ C°°(E,G) acting by bundle 

isomorphisms. In particular, we prove a local slice theorem, local connectivity, and uniform 
local quasiconvexity of the gauge orbits. The importance of these questions stems from the 
Yang-Mills path integral over the space of connections, which should naturally be defined 
using the L^-metric. 

The second part of this paper provides some control of the L^-geometry of gauge in- 
CO I variant Lagrangian submanifolds in ^(E). These are the natural boundary conditions for a 

C-~ I Yang-Mills Floer theory on 3- manifolds with boundary E developed in [7]. The underlying 

compactness results for moduli spaces of anti-self-dual instantons with Lagrangian bound- 



in I ary conditions are established in [11] for special Lagrangians arising from handle bodies 



bounding E. Extending the compactness and hence Yang-Mills Floer theory to general 
gauge invariant Lagrangians requires a weak bound on curvature and local quasiconvexity, 
which we establish based on a quantitative version of local connectivity of gauge orbits. 
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^^ . We thank Stefan Wenger for help with the general analysis of metric spaces, and the 

?—( ' meticulous referee for help with the exposition. 

1.1 Local connectivity and quasiconvexity of gauge orbits 

The action of the gauge group, u*A = u^^Au+u~^du, is a smooth map C/1^p(E) x^°'P(E) -^ 
^°'P(E) with respect to the W^'P- and i^-topologies for any p > 2. The W^^'^-closure of 
5(E) however is not a Banach Lie group. In order to achieve a group structure and a 
smooth action on the L^-closure of the space of connections ^"^'^(E), one would have to use 
the W^''^ n i°° -topology on the gauge group. We will instead fix some p > 2 and study 
the gauge orbits in ^"^'^(E) with respect to the L^-topology. Hence, in the following we 
denote by Bs{Ao) C ^"^'^(E) the open L^-ball of radius e > around Aq. In Section 3 we 
prove uniform local quasiconvexity and local pathwise connectedness of the gauge orbits, as 
stated in Theorem 1.1, and defined below. 

Theorem 1.1 For every connection B G ^'''^(E) the gauge orbit Q^'P(T,)*B, equipped with 
the L^ -topology, is (i) locally pathwise connected and (ii) uniformly locally quasiconvex. 
More precisely: 



(i) Q^'P(^)* B is locally pathwise connected: Given any e > one can find S > such 
that for any Ao,Ai e Q^'P{T,)* B with \\Ao — Ai\\l2 < S there exists a continuous path 
[0, 1] -^ bJ{Ao) n g'^'P{T,)*B, t ^ At connecting Aq to Ai. 

(ii) The path t i-^ At in (i) can he chosen such that it is smooth as path in A'^'P{T,), with 
derivative \\dtAt\\L^ < C||Ai — ^oHl^- In particular (i) holds with 6 = inin{e/2C, (5o} 
for some Sq > 0. The constants C,6q depend on [B] G A'^'^{^)/Q^'^{Tl). 

(Hi) If Bq G A'^'P{Tj) is irreducible then there exists an L^ -neighbourhood of Bq in A'^'P{T,), 
such that on any LP -bounded subset the constant C in (ii) can be chosen uniform. 

The question of a uniform linear relation S = ce (for 6 < Sq) in Theorem 1.1 (i) or 
a uniform constant C for different gauge orbits in the local convexity (ii) is open for LP- 
neighbourhoods of reducibles as well as for i^-neighbourhoods. A positive answer would 
greatly simplify the proof of local convexity of gauge invariant Lagrangian submanifolds. 

The proof of Theorem 1.1 in Section 3 will be based on a subtle L^-local slice the- 
orem explained in Section 1.2. The remainder of this subsection clarifies the notions of 
quasiconvexity and local pathwise connectedness, and their relations. 

Definition 1.2 A topological space X is called locally pathwise connected if for every open 
set U <Z X and any point x € U the path connected component 

Vu.x := {y e W I 37 G C0([0, 1], W) : 7(0) = x,7(l) - y} 

is a neighbourhood of x. 

Remark 1.3 The usual definition of local pathwise connectedness requires a neighbourhood 
basis of open, pathwise connected sets. This is equivalent to the pathwise connected com- 
ponents 'Pu,x of all open sets being open; which in turn is equivalent to our Definition 1.2 
above. Indeed, note that Vu.x = 'Pu.y for any y G Vu.x- Hence if X satisfies our definition, 
then Vu,x is a neighbourhood of y for each y G Vu.x! O'l^d hence this pathwise connected 
component is open. 

We will deduce pathwise connectivity from the following version of local quasiconvexity 
with uniform constants. The latter is a general notion for metric spaces, which is closely 
related to local quasiconvexity as defined by Heinonen [5, p. 57]. 

Definition 1.4 Let [X, d) be a metric space, 
(i) The length of a path 7 G C"([0, l\,X) is 

e{-f) = SUp{J2^d{l{t^),-f{t,+ l)) I = to < ti... <tk = 1}. 

(ii) {X, d) is locally quasiconvex if every point x lE X has a neighbourhood M <Z X that is 
quasiconvex. That is, there is a constant C such that any two points 7(0), 7(1) G Af 
can be joined by a path 7 G ^([0, 1],A/') of length £{j) < Cd{'j{0),j{l)). 

(Hi) {X, d) is uniformly locally quasiconvex if there exist constants S > and C such 
that any two points 7(0), 7(1) G X with ^(7(0), 7(1)) < 5 can be joined by a path 
7 G CO(io,l],X) of length ^(7) < Cd(7(0), 7(1)). 

Remark 1.5 In our applications, the paths 7 : [0, 1] — > Q^'P{Yi)* B in a gauge orbit will be 
smooth as maps to AP'P{Ti), and hence £('j) = L ||9s7(s)||/^2(x;) • 



In order to justify our notion of uniform local quasiconvexity, we note that the notion 
of local quasiconvexity above directly implies the following property. 

(*) For all X e X there exist e > and C > 1 such that for all 7(0), 7(1) G B^{x) there 
exists a continuous path 7 e C^{[Q, l\,X) of length £(7) < Cd(7(0),7(l)). 

On the other hand, suppose that X is compact. Then, firstly, (*) implies local quasiconvex- 
ity. (The proof is elementary yet somewhat lengthy.) Secondly, (*) is equivalent to uniform 
local quasiconvexity (as follows from the Lebesgue Lemma). So for compact metric spaces, 
local quasiconvexity is equivalent to uniform local quasiconvexity. 

In general, neither of the notions of local quasiconvexity and uniform local quasiconvexity 
in Definition 1.4 implies the other. However, either of them (as well as (*) above) implies 
local connectivity. We only prove the part that is relevant in our setting. 

Proposition 1.6 // a metric space is uniformly locally quasiconvex, then it is locally path- 
wise connected as topological space. 

Proof: Let an open set U C X and a point a; G W be given. Since U is a, neighbourhood of 
X, it contains a metric ball Bg{x) for some e > 0. Now choose r > such that r < S and 
Cr < s with the constants from the uniform local quasiconvexity. Now any point y ^ Br (x) 
can be connected to x by a path 7 of length ^(7) < Cr < e. By the definition of the length, 
this path must be entirely contained in B^{x) C U. (Indeed, 7(i') <E X \ B^{x) would 
imply l{j) > d{x,j{t')) + d{j{t'),y) > £ + 0.) Hence the path connected component of W 
containing x also contains the ball Br{x), and hence is a neighbourhood of x. □ 

1.2 The L^-local slice theorem 

The study of the i^-topology on the moduli space of connections j^''p{Y?}/Q^''p{Y,) hinges 
on a local slice theorem which provides generalized orbifold charts. Here we fix p > 2 
and work with the space of connections ^"'^(S) — L'p{Yi\T*Y, (g) q) and the gauge group 
gi.p(E) = VFi'P(E,G). A slice of the gauge action at a connection Aq G A°'P{T) is the 
i^-orthogonal complement to the gauge orbit, 

Sao := {a = Ao + a G ^"'^(S) | d^^a = O}. 

Here d%^ : LP{Y., T*S ® g) -> VK-i^p(S, q) := W^^p' (E, g)* with p-^ + p'-^ ^ 1 is the dual 
operator of d^^ : W'^'P'{J:,g) -> iP'(E,T*S(8)0). The content of the local slice Theorem 1.7 
below is that the gauge orbits through Sao cover an i^-neighbourhood oi Aq. This provides 
generalized orbifold chart for L^-neighbourhoods on A'^'P{T^)/Q^'P{T,). The symmetry group 
will be the stabilizer 

Stab(Ao) := {g G ^^^^(S) | g*Ao = Aq}, 

which is a nondiscrete but compact Lie group for reducible A^. We will denote the i^-balls 
in the local slice of radius e > by 

SA,{e) ■.= {A = Ao+ae ^"^^(S) | d^^a = 0, ||a|U2 < e}. 

These are invariant under the action Ag + a n> g*(^o + a) = Aq + g^^ag oi the stabilizer 
g G Stab(Ao). 



Theorem 1.7 (Local Slice Theorem) For every A^ G ^"'P(E) there are constants e, (5 > 
such that the map 






{SaM X ai'P(S))/Stab(Ao) ^ ^"^P(S 

is a diffeomorphism onto its image, which contains an L^-ball, 

Bs{Ao) := {A e ^O'P(S) | \\A - Ao\\l2 < 6} c imm. 

Corollary 1.8 Any A G ^'^'^(S) with \\A — ^oIIl^ < S is gauge equivalent to a connection 
in the local slice through Aq, that is d^ {u*A — ^o) = for some gauge transformation 
u G ^^'^(S). Moreover, the gauge transformation u is unique up to Stab(^o)- 

The proof of the local slice theorem 1.7 for base manifolds of dimension n > 3 can be 
found in [6]. We restrict our proof in Section 3 to the case n = 2, which is somewhat more 
complicated since the simple estimate ||/5||h'-i." ^ C'||/||Ln|j(/||L" has to be replaced by 
the div-curl Lemma from harmonic analysis (see e.g. [8]). In Section 2 we prove a weaker 
version, Lemma 2.1, and extend it to our gauge theoretic settings. 

1.3 Yang-Mills Floer theory on S-manifolds with boundary 

The natural symplcctic form on the space of connections ^(S) = il^(S;g) is 

uj{a,/3):^ I {aA^} for a, ;3 G ^^(i;; g). (2) 

Here the values of the differential forms are paired by the inner product ( •, • ) on g. This 
symplectic form appears in the work of Atiyah and Bott [1], who observed that the moduli 
space of flat connections on S is on the one hand homcomorphic to the compact representa- 
tion space TJ-s == Hom(7ri(S), G)/G, and can on the other hand be viewed as the symplectic 
quotient of the gauge action on the infinite dimensional space of connections, 

TZ^ - {Ae A{^) I Fa = 0}/a(S) = ^(S)//g(S). 

This is because the moment map with respect to the symplectic structure (2) is given by 
the curvature, A{Y.) ^fiO(S;g) ^TiGiY,), A>^*Fa = *{dA+ ^[A A A]). 

The symplectic form (2) also naturally appears in Yang-Mills field theory: The Yang- 
Mills functional on the space of connections on a 4-manifold X is A h^ ^ Xf ( ^A ^ ^A ) ■ ^'^'' 
a compact 4-manifold with boundary dX = 1^ it equals to 

i I {F^AF^) = \ j {Aa{F^-\[AaA]))=:CS{A\y) iovAeA{X), 
Jx Jy 

which defines the Chern-Simons functional CS : A{Y) — > K for a compact 3-manifold Y. It 
only descends to a multivalued functional on the moduli space of connections by the gauge 
action, but its differential defines the gauge invariant Chern-Simons 1-form 

XA{a):^ I {Fa A a) for a ^TaA{Y) =^\Y;g). 

Instanton Floer theory for a closed 3-manifold Y is the Morse theory for this closed 1-form 
on A(Y)/Q{Y), as developed by Floer [3]. The Chern-Simons 1-form is also well defined 
and gauge invariant on a 3-manifold with boundary dY = E, but it is no longer closed. 



In fact, its differential is the symplectic form (2): For a, /3 G il^(Y;Q) = TaA{Y) 
dA(a,/3) = /(d^aA/3)- /(d^/?Aa) = /(a|sA/?|s). 



To render A closed, it is natural to pick a Lagrangian submanifold C C A{T,) and restrict 
the 1-form to the space of connections A{Y,£) := {A e A{Y) \ Ajs G £} with Lagrangian 
boundary value. (If C C A{T,) is any submanifold, then the closedness of X\_a(y.c) i^ equiv- 
alent to uj\c = 0, and the maximal such submanifolds are precisely the Lagrangian sub- 
manifolds.) If we in addition assume C to be gauge invariant then A descends to a closed 
1-form on A{Y,C)/Q(Y), from which instanton Floer theory for the pair {Y,C) is devel- 
oped in [7]. Its critical points are the flat connections with Lagrangian boundary value 
{Fa = 0, A|s e C}/G{Y), and trajectories defining the differential are gauge equivalence 
classes of ant i- self- dual connections on K x y with Lagrangian boundary conditions, i.e. 
connections S e ^(R x Y) that solve the boundary value problem 

Fh + *Fh-0, S|{4xse/: VseM. (3) 

In local coordinates near the boundary, with a metric ds^ + dt^ + gs on M x [0, S) x S, 
the system (3) for the connection S = <I>ds -I- '^dt + A can be rewritten in terms of maps 
A:Rx [0,6)-)- A{J:) and*,* :Rx [0,(5) ^ C°°(I],su(2)) =^ Tie(S) that satisfy 

f (dsA - dA$) + *(dtA - d^*) == 0, 

\ \ ' * A{s, 0) G £ Vs G R. (4) 

These arc the symplectic vortex equations [2] for the 5(S)-action on ^(S). Indeed, $ i-t- 
d^<I> is the infinitesimal action, A i— >■ *Fa is the moment map, and the Hodge operator * 
of any metric gs is a complex structure on .4(S) compatible with the symplectic form (2). 
However, unlike the finite dimensional setting in [2], the compactness of moduli spaces of 
solutions of (4) is far from clear since the boundary condition is a combination of a first 
order condition (for a first order equation!) and nonlocal conditions. This is due to the fact 
that the gauge invariant Lagrangians lie in the subset of fiat connections^ and hence are 
determined by a (singular) Lagrangian C/Q{Y,) C T^-s in the representation space. So the 
boundary condition A{s, 0) G £ can equivalently be rewritten as i^A(s,o) — ^^id a finite 
number {^dvcivTZ^) of holonomy conditions for A(s, 0). The key to the proof of elliptic 
estimates for (3) in [10] is to view dsA + *dtA = *dyi* — dyi$ as perturbed holomorphic 
curve A : Mx [0, J) — > ^°'''(E) in a symplectic Banach space. In fact, the bubbling analysis in 
[11] indicates that solutions of (4) truly behave like holomorphic curves near the boundary, 
in that they concentrate energy and develop singularities along slices {s} x S C M x F rather 
than at points, as ant i- self- dual instantons on closed 4-manifolds do. A complete geometric 
description of the bubbles arising from rescaling near the singularity (as holomorphic disks in 
A{^)) is still open but [11] succeeded in proving compactness of moduli spaces for G = SU(2) 
and the special Lagrangian submanifolds 

Ch := {ils I a G A{H),F^ = 0} C A{^) 

that arise from a handle body H bounding S ~ dH. The two crucial ingredients are an 
energy quantization for the bubbles and removal of singularity for solutions of (4) on the 
complement of a slice {(s, 0)} x E. Again, the proofs use symplectic techniques for holomor- 
phic curves with boundary on Z! G AP'^(Ti). They hinge on certain bounded geometry of 



^This follows directly if [0,0] = as for any Lie groups with discrete center. For general Lie groups it is 
a natural restriction. 



the Lagrangian, which are evident for compact Lagrangians in finite dimensional symplectic 
manifolds, far from obvious in the infinite dimensional Banach space setting, and in the 
special case of Ch can be replaced by a subtle extension theorem from iy-'^'^(E, SU(2)) to 
VF^'^(-ff, SU(2)), due to Hardt-Lin [4] in this borderline Sobolev case. 

In Section 4 we provide the required geometric control for a general class of gauge 
invariant Lagrangian submanifolds C C »4(S) (see Definition 4.1 for details). In particular, 
we show uniform local quasiconvexity, which is then used in Section 5 to define a local 
Chern-Simons functional for paths in ^(S) with ends on C. Section 6 builds on these 
results to prove the compactness of moduli spaces of solutions of (4) for general gauge 
invariant Lagrangians. We explain the overall philosophy in the next section. 

1.4 Curvature and local quasiconvexity of gauge invariant Lagrangians 

The first main step in the proof of compactness for (4) is an energy quantization: // in 
a sequence of solutions the energy density blows up at a point, then it also concentrates a 
minimal quantum of energy at that point. For holomorphic curves with Lagrangian boundary 
values u : {fl,dfl) — > {M,L), this can be proven without identifying the bubbles as spheres 
or disks, but just using a mean value inequality for the energy density e = |dMp, which 
arises from a nonlinear subharmonicity (see e.g. [12] - here stated with the positive definite 
Laplace operator) 

Ae<A + ae^, -§^\Q^e < B + be^/'^ . 

For anti-sclf-dual connections, the 4-dimensional energy density ^ l-Fk P = |5s Ap + |-Fk P sat- 
isfies the corresponding nonlinear bound on the Laplacian, but due to the nonlocal boundary 
conditions, one has no control over the normal derivative. Viewing ^ : R x [0, (5) — > »4(S) as 
holomorphic curve, one is led to trying the 2-dimensional energy density e = ||9sA||^2(5]) + 
11^-4 lli^fs)- Its Laplacian causes some difficulties (that are dealt with in [11]), but the 
normal derivative simply behaves just like a holomorphic curve, 

-IwAt^^ < C\\d,A\\l.^^^+Lo{dsA,dlA) < B + h\\dsA\\%\.^y 

Indeed, if £ C .4(S) was a Lagrangian subspace then uo{dsA, d^A) = since dsA, d^A E T£. 
If C was a compact Lagrangian, then uj{dsA, d^A) < CldgAl"^ with a constant C arising from 
the curvature of C. In our nonlinear infinite dimensional setting, it is not clear whether 
curvature is uniformly bounded, but the essential estimate can be shown directly. 

Lemma 1.9 There is a constant Ctc such that any smooth path A : M. ^)- C satisfies 

dsA{0) AdsdsA{0)) <CTc\\dsA{0)\\l 

For a Lagrangian Ch arising from a handle body dH = S, this was proven in [11] using 
the extension to flat connections A G ^fiat(-ff), which satisfy djdgA — and hence 

{dsAAd^^A)= [ d{dsAAd^^A)= [ {^sAA[^sAA^sA])<\\^sA\\lsrH)■ 
I: JH JH 

So Lemma 1.9 follows from constructing extensions with ||9sA||i3(^-) < C/f ||9sA||i2(5]-). For 
a general gauge invariant Lagrangian we restate and prove this result as Lemma 4.3, using 
the local slice Theorem 1.7 and a div-curl Lemma from Section 2. 



The other main step in the proof of compactness for (4) is a removal of singularity for 
solutions on the complement of a slice {(s, 0)} x E with finite energy. Again, the proof in [11] 
for the special case Ch proceeds by combining gauge theoretic analysis with holomorphic 
curve techniques. In particular, one needs an analogue of the local symplectic action: 

If S G A{B* X S) is an anti-self-dual connection over the punctured ball B* = Br\ {0} C 
K^, and in polar coordinates there is a gauge S = ^-|-i?dr with no d0-component (i.e. there is 
no holonomy around the singularity) , then one can express the energy on annuli as difference 
of integrals over the boundary, just as for a punctured holomorphic curve u : B* — > (M, w). 
Indeed, we have the same formula for energies 

U \Fs\'^C{A{S,-))-C{A{p,-)); I u*lu ^ A{u{d,-)) ^ A{u{p,-)), 

J(Bp\Bj)xS JBp\Bs 

where the boundary integrals depend on a choice of gauge resp. local primitive lu = dA, 

p27T p p27T 

C{A:S^^A{J:)) = -^ {A{(l))Ad4,A{(f>))d(f>; A{u : S^ ^ M) ^ - u*X. 

Jo Je Jo 

The local symplectic action is a canoncial definition of A{u : S^ — >■ M) for all sufficiently 
short loops, given by a unique local choice of primitive. There is a similar construction for 
holomorphic curves with Lagrangian boundary values, where the local symplectic action of 
a path with endpoints on the Lagrangian is given by connecting the endpoints within the 
Lagrangian to define a loop. The crucial analytic ingredient to the removal of holomorphic 
singularities then is the isoperimetric inequality for sufficiently short loops, 

2tt 



\A(u:S^ -^M)\ < CU |a^u|d(/)) 



For anti-self-dual connections E = A + Rdr + $(50 e A{D* x E) over the punctured half 
ball D* — Br \ {0} C H^ with Lagrangian boundary condition A|ag2 € C, there always 
exists a gauge S = A + Rdr without angular component. As for holomorphic curves, finite 
energy implies that the paths A{r, ■) : [0, tt] — > A{T^) become short for r ^ 0. However, 
this only holds in the i^-norm on .4(S) that enters in the energy. Due to the subtlety of 
the gauge action in the L^-topology, we cannot assume that the L^-closure C C ^"'^(E) 
is a Hilbcrt submanifold; instead we arc throughout working with Banach submanifolds 
C C ^°'P(E) for p > 2. Nevertheless, in order to define a local Chern-Simons functional we 
now need to know that L^-close points on the L^'-submanifold C can be connected within 
the Lagrangian. Moreover, in order to obtain an isoperimetric inequality, the length of the 
connecting path must be linearly bounded by the distance of the endpoints. In other words, 
we precisely need the following local convexity with uniform constants. 

Lemma 1.10 There are constants Cc and dc > such that for all A{0),A{1) G C with 
||A(0) — ^(1)11^2 < 6c there exists a smooth connecting path ^ : [0, 1] — ?> Z! such that 

\\dsA{s)U2 < Cc\\A{0) - A(1)U2 Vs G [0, 1]. 

We restate and prove this result in Lemma 4.4 based on the local convexity of gauge 
orbits and assuming that C/Q{Yi) is compact. We moreover compare our construction with 
the previously defined local Chern-Simons functional [11] for the special Lagrangians Ch 
arising from handle bodies, employing the following nontrivial extension property: For all 
A(0),A(1) G Ch there exist i(0),l(l) G ^fiat(ff) with A{i) = A{i)\^ such that with a 
uniform constant Ch 

||i(0) - A{1)\\l^h) < Ch\\A{0) - ^(I)IIl^(s). 



2 Div-Curl Leminas 

The aim of this section is to establish some estimates that will be crucial for the proofs in 
the subsequent section. The first is the so-called div-curl lemma from harmonic analysis (see 
e.g. [8]). Here we give an alternative proof of a weaker version (using VF^'^(S)* rather than 
BMO spaces) and extend it to our gauge theoretic settings. Here, as in the introduction, 
we fix E to be a closed Riemannian surface, let G be a compact Lie group with Lie algebra 
g, and consider a trivialized G-bundle over S. The div-curl lemmas will later be applied to 
both gauge transformations /i : E — > G and infinitesimal gauge transformations h : T, ^ g. 
For that purpose we can identify G with a subgroup of M^^^ such that the Lie bracket 
is replaced by the commutator [^, h] ~ S,h — hS, and the inner product becomes the trace 
(Ci'?) = ^tr(^?7). We will be working with the space of smooth connections .4(S) = 
C°°(E; T*S (g) g) as well as with the space of L^-connections ^°'P(S) = LP(S; r*E (g) g) for 
a fixed p > 2. Moreover, for any 1 < q < oo we denote by || • ||vi/-i,9 the norm on the dual 
space of W^''' (S), where q' is the dual exponent given by q^^ + q'^^ = 1. 

Lemma 2.1 ( Div-Curl Lemma ) For every smooth connection Aq G A{T,) there is a 
constant C such that for all f,g,he C°°(E,M^^^) 



ir{f -dAag AdAoh) 



< C{\\fh^ + \\dA„f\\L^)\\dA„g\\L4dAM 



Proof: We pick a compact Riemannian 3-manifold Y that bounds dY = E and extend the 
connection Aq to Aq G A{Y). Next, we fix a complement K C W^'^{Y,R'^''^) of {/ G 
ker d^^ | / 1 ay = 0} . Then the solutions f G K oi the Dirichlet problem d^ d^^ / = 0, / 1 ay = 
/ are unique and define a bounded linear extension map M^^'^(E, M^^^) — ^ W^'^{Y, K^^^), 
/ M> /. (See e.g. [11, Lemma 3.2] for the continuity.) The extensions satisfy 

WfWw^^HY) < Ci||/||vyi,2(s) < C2(||/|U.(E) + ||dA„/||L^(E)). 

Without loss of generality we can assume that g and h lie in a complement K C M^^'^(E, M^^^) 
of ker dA„ ■ Then their extensions satisfy 

11311^1.3(1-) < C3\\dA„g\\L2(S), ||/i||wi.3(y) < C3||d^„/l||i2(s). 

Using these extensions we can estimate for any / G C°°(E,M^^^) and g,h ^ K 



^r{f -dAag /\dA„h) 



tr(dAo/Ad^^gAd^^/i) 



+ J^tT{f-{[F^^,~9]Ad^l-d^jA[Fj^^,h])) 

< CiWfWw^'^iY) WgWw^'^iY) \\h\\w^,s(^Y) 

< C4C2C|(||/||i2(s) + ||dAo./IU2(s))||dAo.9llL2(s) \\dAoh\\L2^^y 

Here all constants Ci to C4 only depend on Aq and the choice of its extension ^0 (which 
also determines the curvature F^ ). D 

The remainder of this section draws more gauge-theoretic conclusions from the above 
div-curl lemma. We first establish a simple estimate that we will need repeatedly. 



Lemma 2.2 For every Aq € ^"'^(E) with p > 2 and q > 2 there is a constant Cq such that 

\\dAM\L.<Co\\d\^idAM\w-^^^ VeeT4-^'ns,0) (5) 

Proof: The operator d;;^^ : L9(s,T*i; (g) g) -^ W-^-'^{J:,q) is well defined since the Sobolev 
embedding T4^i'«'(S) ^ U'{11) with 

i=l-i-i>i-i>0 

r p q 2 q — 

ensures the Sobolev multiplication L'' ■ L^ ■ U C L^. The restricted operator d^^limd^ 
is injective since every element of the kernel has the form d^^^ with ^ G VF^'''(S,g) C 
W^'^ {T,,q) and satisfies Jj^(d^n^,d^Qi/;) — for aU ip e W^'"^ , which with tp — ^ implies 
dj^Q^ — 0. The cokernel of d^ limd^ equals to the cokernel of the Laplacian d^ dyig, which 
is finite dimensional. Hence d^ limdA is a Fredholm operator and (5) follows from the 
injectivity. D 

Corollary 2.3 

(i) For every p > 2 there is a constant C such that for every weakly flat^ connection 
Aq e ^flft(^) ^"•'^ "''^y i ^ ^°(S;g) andai,a2 G fi^(i;;fl) 

|/s(^, [«lAa2])|<C(||^|U2 + ||d^„el|L0 n i\\(^^\\L- + \\dAoa^\\^^), 

i=l,2 

\J^{^, K A a2] )| < C{Uh^ + WdAMU^) n (ll"«lli^ + l|dAo«dl^^)- 

(ii) For every p > 2 and connection A G ^'^'^(S) there is a constant C (depending contin- 
uously on A) such that for any ai,a2 G il"'^(S;g) 



\[ai Aq;2]||m'-1'2 < C* n (ll"«lli^ + ll^-^a. 



i\\W-^-p)j 

\\[ai Aq;2]||w-i>2 < C* n (ll'^^ll^^ + \\d*A'^i\\w-^'p)- 

i=l,2 

Proof of Corollary 2.3 : First note that it suffices to prove the first estimate in both (i) 
and (ii). The second estimates then follows by applying the first to [ai A a2] = [*cn A *a2] 
and noting that ||d^Q * ai\\ — \\d\ ai\\. 

In (i) the action (Ao,^,ai, a2) '-^ (u*AQ,u~^£,u,u~'^aiu,u'^a2u) of the gauge group 
G(S) 9 u preserves the inequality, and we will see that the optimal constant varies continu- 
ously with Aq in the L^-norm. It thus suffices to prove the estimate on an L^-neighbourhood 
of any given smooth flat connection Aq. Then finitely many of these cover the compact quo- 
tient y^°ft(E)/e^'^(S) ^ ylflat(S)/g(S). So we fix Aq G ^flft(^) and in the following allow 
the constants to depend on Aq. 

We use the Hodge decomposition with respect to the flat connection ^o to write ai — 
dAoCi^*dAo'r]i + Pi with harmonic /3i G kerd^ij, nkerd^ . The harmonic 1-forms form a finite 
dimensional space, so for any p > 2 we have a constant Ci such that ||A||lp < C*! II ft II l^ < 
Ci||ai||2^2. Moreover, we have as in Lemma 2.2 

II * dAoVillLp < C'o\\d*^^dAar]i\\w-^-p == Co\\dAoat\\w-^.p- 



^We say A e ^"•P(S) is weakly flat if /^(dAo? A d^j,r?) = for all ^,r] e C°=(S, 



Finally, we also have ||d^QCi[|i2 < [|Q!i||^2. Now we use the Holder inequality for L^ ■ L^ ^^ 

2p 2p 

Lp+^ , the Sobolev embedding W ' (T,) ^-> Lp-^ (S), and the constant C from Lemma 2.1 
to estimate 



< 



;C, [ai A 0:2]) 



;C, [{(3l + *dAoVl)/\(X2]) 



;e,[dAoCiA(/32 + *dAor/2)]) 



(C, (dAoCi AdA„C2+dAoC2 AdAoCi)) 

< U\\^^ (ll/3l + *dA„Vl\\Lp\\a2\\L^ + \\dA„Cl\\L4P2 + *d^o'?2) Hlp) 
+ 2C{U\\L- + \\dAo(\\L-)\\dA„Cl\\L4dAoC2\\L- 

< CaUWw^.^iWaiWL^ + \\dAaai\\w-^'p) {\\(^2\\l^ + \\dA„a2\\w-->-.p)- 

This estimate continues to hold with a uniform constant if Aq is replaced by an L^-close 
connection A, since 



||d^a - dA„a\\w-i.p < C\\[{A - Ao) A a]\\ ^ <C\\A- Ao\\Lp\\a\\L2 



Lp+^ 



(6) 



Furthermore, the norm llClliyi-^ is equivalent to ||^||l2 + ||d^„^||2^2 with a constant that 
depends continuously on Aq G A°'P{T,) since 

\\dA^-dAM\L-<U-Ao\\LPm\ ^ <C\\A-Ao\\LPm\w^.^- 

Lp-^ 



Finally, denote q 



Jr. 

p+2 



then the dual exponents satisfy p' — -k = q' , so we have the 



Sobolev embedding W^'^ ^^ L'^ and its dual L'^ M> W^^'^, and thus with another uniform 
constant 

||dAoai|lvv-i.p < C'lldAoaill ^fi,- 

LpT2 

This proves (i), and we have moreover seen that 

II [ai Aq:2]||h/-i,2 < C3(||ai||i2 + ||d^oai||^-i,p) (||a2||L2 + ||dAoCk2||iv-i'!')- 

This estimate is not preserved under the gauge group, but it holds for every smooth flat 
connection with a constant C that depends on Aq. If we consider any other connection A £ 
^°'P(E), then the estimate continues to hold with a new constant depending on ||A — Ao||lp 
by (6). D 

Corollary 2.4 For every connection A G A'^''^{T,) there is a constant C such that the 
following holds: 

(i) For any a G kerd^ C 9}{T,;q) and £_ G r2"(E,g) 

\\[a AdAmw-^:'^ < C\\a\\L2\\dAaL-. 
(a) For any ^ G ^"{^,3), a G ^^{^;q), and u G g{T) 



tr(^ • a A dAv) 



< Cm\w^^2(\\aU^ + ||d^a||v^-i,p)l|dA«|U2. 
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Proof: For (i) we assume without loss of generality that ^ lies in some complement of 
kerd^, so we have ||^1|l9 ^ C'qlldA^IUs for any 1 < g < oo (but with a constant that might 
not depend continuously on A). Now we apply Corollary 2.3 (ii) with some 2 < r < p to 
a S kerdyi C ri^(S;fl) and £_ G 17*^(1], g) in the complement: 

||[aAd^C]lk-i.2 < Ci\\aU2{\\dA^\\L2 + \\[FA,mw-^.^) 



l,r' 



^^■ 



Here we estimated the curvature term as follows: We used the Sobolev embedding W 

, / 2p' 2p' 

W 'P '-> L^-p' together with the Holder inequality for L^ ■ L^-p' ^-> L . Moreover, we 
chose a > 1 such that - + - = - and hence 

^ n n r 



\\[FaA] 



H/-1, 



— sup 

< sup 

Wll,^i..'=i 



(d^^Ad^i/.) 



\dAaL4[An\L^ + \\[A,mL4dHL'-' 



<C3\\dAaL4MLP + \\A\\LpU\\L. 
<CA\\dAaL-. 

To prove (ii) we start with a smooth flat connection Aq G ^fiat(S). In that case we can use 
the Hodge decomposition a = d^„(^ + 7 with |[d^QCi|[i2 < ||ai||/^2 and 7 G kcrd^ such that 

WiWlp < Ci{\\a - d^oCIU^ + \\dAol\\w-^.p) < 2Ci{\\a\\L2 + \\dA„a\\w-i.p)- 

Now use the Holder inequality for L^ ■ L^ M> Lp+^, the Sobolev embedding VF^'^(S) ^-> 

2p 

Lp-2 (E), and Lemma 2.1 to estimate 

tr(^ • a A dAou) 

< / tr(^-dA„CAdAou) + / tr(C-7AdAou) 

< C2U\\w^,2\\dAaC\\L2\\dAoU\\L2 + 

< C3\\(.\\w^.2{\\a\\L2 + \\dAoa\\w-i,p)\\dAou\\L2 



^^||7l|Lp||dAoU||L2 
Lp-2 



Next, for general A G ^'^'^(S) we can assume without loss of generality that u lies in some 
complement of kerdyi. Then we have IIuUli- < C4||dAw||i2 for any fixed 1 < r < 00. Now 
we can estimate with - = 1 — ^ + - 

r 2 p 

tr(^ • a A dyiu) < / tr(^ • a A dAo^*) 



tr(^-a A [{A- Ao),u]) 



< CsUWw^.^iWaWL^ + \\dAoa\\w-i.p)\\dAoU\\L2 
+ ||^|UHI«IIlHI^-^o||l.|I"IIl^ 

< C||f||^i,2(||a||i2 + \\dAa\\w-i.p)\\dAu\\L2- 

The second crucial estimate for the local slice Theorem 1.7 is the following. 



D 



Lemma 2.5 For every Aq G ^°'P(E) there are constants C and S > so that the following 
holds for all A G Sao i'^ the local slice with \\A — Aq\\i2 < S : 
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// ll'u*^ — ^o||l2 < S for some gauge transformation u G Q^'^CS), then 
\\u*Ao - AoWlp + \\A - AoWlp < C\\u*A - Ao\\lp 

and 

\\u*Ao - AolU^ + \\A - A0IU2 < C\\u*A - Aoh-. 

If moreover u*A G Sao lies in the local slice then automatically u G Stab(^o)- 
Proof: Let us write A = Aq + a and u*A = A^ + b, then we have 

dAoU = u{u* Aq — Aq) = u{u* A — Aq — u' (^ ^ ^o)u) ~ ub ~ au 
with ||a||2^2, ||6||l2 < 5. Due to d^ a = we have 

dAo^AoW^d^oM -*{*a^dAau). 
Now we can use the fact that d^ : L^ D imdA,, — > W^^'^ is injective to estimate 

||dAo"l|LP < Co\\d*^„dAoU\\yi,-i.p 

< C^o\\<i*A„{ub)\\iY~i,p +C0II *aAdAou\\w--i-.p 

< Ci\\ub\\LP + Ci\\a\\L2\\dAaU\\LP- 



Here we used the Sobolev embedding; W^'P ^^ L'^ with ^ = ^ — i and its dual L'' ^^ W ^'^ 
with ~ = ~ + 5 • If 'we pick 5 < Ci then this proves the first part of the first inequahty, 



{l-CxS)\\u*Ao-Ao\\Lp<Ci\\b\\LP=Ci\\u*A-Ao\\Lp. 
For the second part just use au ~ ub — d^^u to see that 

\\A - AoIIlp = \\au\\LP < IMlp + \\dAou\\LP. 

The second inequahty, with p replaced by 2, is proven in the same way. The crucial estimate 
now uses Corollary 2.4 (ii) with d^ a = 0, 



lidAodAoW||w-i.2 ==SUp ||C|Ih^\,: 
€#0 



( ^, (d^o * (ub) + *a/\ dAgu) ) 



< C3\\ub\\L2 +C3||a||L2||d^ou||L2. 
If we moreover assume d^ 6 == then 

<^*Ao^AoU = - * {dAoU A *b) - *{*a A d^Q-u) 
and we can estimate as before 

\\dA„u\\Lp < Co{\\dA„u A *b\\w-^,p + || * a A dA„u\\iY-i.p) 

<Ci{\\a\\L2 + \\b\\L2)\\dA,u\\LP < 2CiS\\dA„u\\LP 

For S < ^Ci^ this implies dA„u — 0, i.e. u*Ao = Aq. 



D 
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3 L^-topology on the space of connections 

As before, let E be a closed Riemannian surface, let G be a compact Lie group with Lie 
algebra g, and consider a trivialized G-bundle over E. The aim of this section is to provide 
some understanding of the L^-topology on the space of connections ^°'^(S) ~ i^(E; r*S ® 
0) and its quotient by the gauge group ^^'^(S) = W"^'^(S,G) for fixed p > 2. Firstly, we 
will prove the local slice Theorem 1.7 with the following refinement. 

Remark 3.1 The differential of the map m in Theorem 1.7 is bounded in the L^ -topology 
in the following sense: For any smooth path A : (—1, 1) — !> Bs{Aq) let (Ao + a, u) : (—1, 1) — > 
Sao{^) X Q^'^{^) he a smooth representative ofm^^ o A. Then 

\\dAo{u^^dtu)\\L2 + \\dta - [a,u^'^dtu]\\L2 < C\\dtA\\L2. 

Based on this local slice theorem, we will prove the following quantitative local pathwise 
connectedness and local quasiconvexity of the gauge orbits in the i^-topology. 

Theorem 3.2 For every connection Aq £ A'^'^iT,) there exist constants C and S > so 
that the following holds: For any A G Sa„ and u G Q^'P{Yi) with \\A — Aq\\i^2 < 5 and 
\\u* A — Aq\\]^2 < S there exists a smooth path v : [0,1] -^ Q^'P{Y,) with v{0) = 1 such that 
v{l)-^*u*Ae Sa„ and 

\\dt{v{trA)\\^, < C{l + \\A-Ao\\Lr)\\u*A-A\\L2 VtG[0,l]. (7) 

Here u ■ v{l)^^ G Stab(Ao), so if A = Aq or if Aq is irreducible, then moreover v{l)*A = 
u*A, and hence t 1— > v{t)* A connects A to u* A by a smooth path in the gauge orbit of 
L'^-length bounded by C(l + \\A - Ao\\lp)\\u*A - A\\l2. 

Remark 3.3 We allow for A ^ Aq in Theorem 3.2 in order to obtain local pathwise con- 
nectedness statements with uniform constants on L^-balls. Near a reducible connection Aq 
however, our method only provides a path in the gauge orbit from A to v{l)* A that might dif- 
fer from u* A by an element of the stabilizer Stab(j4o). So the question of local connectedness 
with uniform constants reduces to the action of Stab(Ao) on the local slice: 

We have w :— u ■ v{l)^^ G Stab(Ao) such that A.,w*A G Saq are L^-close. Can these 
be connected within the gauge orbit in Saq with a constant in (7) that only depends on Aq ? 
The difficulty in this question is to obtain uniform bounds for the action of the compact 
group Stab(j4o) on the noncompact local slice Saq- In our application to gauge invariant 
Lagrangian submanifolds C C A{'£i) we can bypass this difficulty by establishing that CCiSao 
is a finite dimensional manifold near Aq . 

Before going into the more technical proofs, let us explain how the local connectivity 
and quasiconvexity in Theorem 1.1 follows from the special case oi Aq = A of Theorem 3.2. 

Proof of Theorem 1.1 : A simple corollary of Theorem 3.2 is the following: Given 
Aq € ^"^P(E) there exist constants C and (5 > such that for any u*Aq G 51'P(E)*Ao with 
\\u*Aq - Aq\\l2 < d there exists a smooth path [0, 1] -^ g^^P(T,)*A„ c ^°^p(E), t ^ At = 
v{t)*AQ connecting Aq to Ai = u*Ao with derivative ||9tAi||i2 < C\\u*Aq - Aq\\l2. 

This proves Theorem 1.1 (i) and (ii) in the case Aq = B; the general case follows from 
gauge invariance as follows: For an arbitrary base point B G ^"'^(E), let C and 6 be the 
above constants for Aq — B. If we now consider any Aq = UqB and Ai = u\B with 
\\u\B - UqB\\l2 < 5, then \\{uiUq^)* B - B\\l2 = \\ulB - UqB\\l2 < S and we obtain a 
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smooth path Bt connecting Bq ~ B to Bi = (uiUq )*B. We can transform it back to a 
path At — UqBi connecting Ao and Ai with derivative 

\\dt{ulBt)\\L^ ^ \\u^\dtBt)u4L-^ = WdtBtU^ < C\\{uiu^^yB - B\\l-2 = C\\A^ - AqIU^. 

Finally, to prove (iii) suppose that Bq € ^°'P(S) is irreducible, then for any L^-close base 
point B with \\B — iJolU^ < S we find paths with derivative control ||9tAi||i2 < C(l + 
\\B- Bo\\lp)\\u*A - A\\l2 for any A e g^'P{i:)*B. Clearly, the constant C(l + \\B - BoWlp) 
can be replaced by a uniform constant for all B in an L^-boundcd subset of the given 
L^-neighbourhood of _Bo- D 

In the remainder of this section, we give proofs of the local slice theorem and quantitative 
local quasiconvexity, using estimates from Section 2 which are based on a version of the div- 
curl lemma. 

Proof of Theorem 1.7 : The map m in (1) is well defined. In particular, we have 
m[{g*{Ao + a),ug)] = m[(j4o + a, u)] for all g £ Stab(Ao). It is equivariant in the sense that 
m[(Ao + a, v-^u)] = V* m[{Aa + a, u)] for all v e ^^'^(S). 

In a first step we will show that the differential Dm(^(,+o,tt) of m is injective for all 
(a, m) G 5^0 (e) X Q^'P{T,) with e > sufficiently smaU. By equivariance, Dm(^Ao+a,u){c(jO = 
'u(Dm(^Q_i_a,i)(a, ^))m^^ it suffices to prove injectivity for u = 1, where 

Dm(^Ao+a,i) : (a, ^ a - d^oC - [a, C] 

acts on (a,^) £ kcr(d^ ) x W^'P{T,,q) in the L^-orthogonal complement of StSih{Aa)* (Aa + 
a, 1), i.e. (a,^) 1 {([a,V'],'0) | V" S kerd^J. So let (a,^) e kerDm(Ao+a,i), then d^oC = 
a — [a, C] ^-i^d hence 

d^o (dAoO =^ d^o" - [d^oO, C] - * [*a A d^^C] == - * [*a A d^oC] • 

Here we can use the Holder inequality for i + i = ^ and the Sobolev embedding W^'^ (E) ^-> 
L'"(S) due to ^ — i = i to estimate with the Sobolev constant Ci 

||*[*aAdA„^]||iy-i.P =sup|/j.(*[*aAdAo^], V- )|IIV'll^\,p' 

<sup||a|U.||d^„e|Up||^|UHI^II^\„. <Ci||a|U.||d^„^|Up. 

With Lemma 2.2 this implies 

||dA„e||L. < Co\\d\^{dA„mw-^^p < CoCi\\aU4dAM\L.. 

If we assume ||a||^2 < (CqCi)^^ then wc can conclude d^o^ — Oj and hence a = [a,^]. Since 
(a,^) ± ([a,^],^) this implies (a,^) = 0. This proves the injectivity of Dm(^Aa+a,u) for all 
(o,u) € 5a„(£) X gi'P(S) with < e < (CoCi)-i. 

Secondly, the differentials Dm/Ao+a.u) a-re Fredholm maps that vary smoothly with (^o + 
a,u) G Sao X tJi'P(S). The differential at {Ao,t), given by Dmi^Ao,i){(^:0 = a — dyi„^, is 
surjective by the Hodge decomposition LP{Y.,T*Y: ® g) = kerd^^ © dAoW^-P{T:,g). So, 
by the stability of the Fredholm index, all differentials for (a,w) G SAoi^) x Q^-p{T^) are 
bijections, and hence m is a local diffeomorphism onto its image. Indeed, m is also injective 
if we choose < e < S with the S > from Lemma 2.5: If u~^ *(Ao + a) = u^^ *iAo + a) 
then {u~^u)* {Aq + a) — Aq + o, C^ Saqj and hence the Lemma implies g := u^^u G Stab(Ao). 
So we have {Aq + a,u) = g(Ao + a,u), i.e. the two pairs are equivalent in (SAoi^) x 
tJ^'P(E))/Stab(Ao). This proves that m is a diffeomorphism onto its image. 
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Finally, our aim is to prove that Bs := {A G ^'^'^'(E) | \\A — Ao\\l2 < 5} is a subset of 
imm for appropriate choices of e and 6. This will follow from a connectedness argument: 
Note that Bs is connected and Bs fl imm is nonempty since it contains Aq = m{Ao, 1). So 
if -B^ n imm is both open and closed with respect to the L^-topology on Bs, then it has to 
be the whole space Bs, as claimed. 

The intersection is open since both imm and Bs are open subsets of ^"'^(S). To see that 
i?^ n imm is closed in Bs consider an L^-convergent sequence Bs Ci imm 3 Ai ~ u*{Ai) -^ 
Aoo G Bs with Ai G Sao{£)- If we choose e > sufficiently small then Lemma 2.5 applies 
to give 

\\u*Aa - AoWlp + ||A, - AoWlp < C\\A, - Ao\\lp- 

Since the right hand side is bounded we find weakly convergent subsequences Ai -^ A^c G 
A°'P(I]) and Ui -^ Uao G ^^'^(E) (with strong C°-convergence) . The weak convergence 
preserves the local slice condition d^ {A^ — ^o) =0 and the unique limit u^Aqo = ^oo- 
Moreover, again from Lemma 2.5, 

ll^oo - Ao||l2 < liminf \\A^ - Aq\\l2 < lim C\\A^ - Aq\\l2 < CS. 

i— 7-00 i— >oo 

So if we choose S < C~^£, then A^o automatically lies in Sa„{£) and hence we have A^c — 
(uoo)^^ *Aoo e imm. This proves the closedness of B^ fl imm C Bs and thus finishes the 
proof. D 

Proof of Remark 3.1 : We are considering paths u : (—1,1) — ;> ^"'^'^(E), Aq + a : 
(-1, 1) -^ SAois), and A : (-1, 1) -^ A°'P{T.) such that and u*A = Ao + a. Differentiating 
this, we obtain du*A{u^^dtu) + u^^dtAu = dta and hence 

dyiij,('u^ dfu) = dta — u'^ dtAu—[a,u^ dtu]. 

From this we calculate, using the Coulomb gauge d^ a = — * dAo * a — 0, 

d*^^dAo{u^^dtu) = -d\{u^^dtAu) - *[*a A dA„{u^^dtu)]. 

Now we use Lemma 2.2 and Corollary 2.4 (i) and to obtain (with another constant C2) 

\\dA„{u^^dtu)\\L2 

< C'ol|d^„dA„(u~i9tu)|l^-i,2 

< Co{\\d\^iu-^dtAu)\\w-i.2 + \\[*a AdA„iu~'dtu)]\\^_,_,) 

< C2\\udtAu-^\\L2 + C2II * a\\L2\\dAju-^dtu)U2 

< C2\\dtA\\L2 + C2s\\dA„{u~^dtu)\\L2. 

Here we have a ~ u*A — Aq G SAais) and we can choose this L^-ball in the local slice 
sufficiently small, e < 56*2"^, to obtain ||d^„(M^-^9tu)||L2 < 2C2\\dtA\\L2. 

Next, recall that we have dta — [a,u^^dtu] = u^^dtAu + dAo{u^^dtu). Taking the 
i^-norm on both sides and using the previous estimate now gives 



\\dAM'^dtu)\\L2 + \\dta-[a,u-^dtu]\\L2<{l+4C2)\\dtA\ 



L2. 
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Proof of Theorem 3.2 : The smooth path B : [0,1] -^ y^°'P(E) given by B{t) = 
A + t{u*A - A) obviously connects 5(0) = A to B{1) = u*A within Bs{Aq) and has L^- 
speed \\u*A — A\\l2. The idea is to construct the path v : [0, 1] -^ tji'P(E) by finding gauge 
transformations v{t)^^ that take B(t) into the local slice at Aq. Then we will be able to 
use Remark 3.1 to control the length of the path v*A. 
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More precisely, we pick (5 > as in Theorem 1.7 to obtain a smooth path 7 : [0, 1] — > 
(SAoie) X 6?i'P(E))/Stab(Ao) with m{j{t)) = B{t) and 7(0) = [(0,1)]. We can project it 
to ^i'P(S)/Stab(Ao) and then lift it to a smooth path w : [0,1] -^ ^^'^(S) starting at 
w(0) = 1 and solving d^ {w* B — Ao) = 0. Now v{t) := w{t)~^ also defines a smooth path 
V : [0,1] -^ ^i'P(E) starting at w(0) = 1, which for i = 1 clearly satisfies v{l)-^*B{l) = 
w(l)^^ *m*j4 G "Syif,. For reducible Aq we can moreover assume that w~^dtw is L^-orthogonal 
to kerd^p after the following modification of w: 

Let TT : VF^'P(E,0) -^ W^'P{Yj,q) be the i^-orthogonal projection to kcrd^^. Then 
we solve dtg • g^^ = —n{w^^dtw) by a smooth path g : [0, 1] -^ Stab(Ao) C Q^'P{Y.) 
with g{0) ^ 1. (Note that g automatically takes values in the stabilizer since dt{g*Ao) — 
g~^dAo{dtg- g^^)g = 0.) Now w := wg : [0, 1] — > ^^'^(S) satisfies w~^dtw — g^^{w~^dtw — 
TT{w~^dtw))g, and this is orthogonal to ker dA,, since the latter is invariant under conjugation 
with g e Stab(ylo). In addition, w^^ *Ao — w^^ * g^^ *Ao = w~^ * Aq stiU satisfies the 
Coulomb gauge condition. 

Now in order to control the length of the path 1 1-^ w(i)*A, first notice that 

dt{v*A) - d,-.A(v-^dtv) = v-^{AA{dtvv-^))v - -v-^{AA{w-^dtw))v. 
From Remark 3.1 we have ||d^n(u'^^9iw)||£2 < C||9ti?||i2, and hence 
\\dt(v* A)\\i^. < \\dA„{w-^dtw)\\L2 + \\A- Ao\\Lp\\w-^dtw\\ ^ 
< {l + Ci\\A-Ao\\Lp)\\dA„{w-'dtw)\\L2 
<C{l + \\A-Ao\\L.)\\dtB\\L2 = C{1 + \\A-Ao\\l.)\\u*A-A\\l2. 

Here we also used ||^|| .2p_ < CiUdAoCIU^ for ^ = w^^dtw G (kcrd^g)-*-. 

Finally, we have [u ■ v{l)^^)* A ~ w{l)*B{l) G 5yio(e) by construction. Since A also 
lies in the local slice and L^-close to Aq, the local uniqueness in Lemma 2.5 for sufficiently 
small e,(5 > implies that u ■ f (1)~^ S Stab(^o)- So if Aq is irreducible or if A = A(^ then 

[u ■ v{iy^)*A = A and hence u*A = ^(l)*^. D 



4 Gauge invariant Lagrangians in the space of connec- 
tions 

In this section we consider gauge invariant Lagrangian submanifolds in the space of connec- 
tions A{Yi) over a closed Riemann surface. These are discussed in detail in [9, Section 4], 
where we established their basic structure in the L^-topology for p > 2. The aim of this 
section is to provide some control of their L^-geometry despite the fact that it is unclear 
whether their L^-closure is even a topological manifold. We will work with the following 
general class of Lagrangians into which for example all handle body Lagrangians Ch fall. 

Definition 4.1 We call C C AP''p{Yi) a gauge invariant Lagrangian submanifold if 

it is a Banach submanifold, invariant under the action of Q^'P{Yi), and Lagrangian in the 
following sense: For every A E C the tangent space TaC C i''(E,T*E g) is Lagrangian, 
i.e. for every a G ^^(S, T*T. g) 



w(a,/3) := / (aA/3) =0 V/3 G T^/: ^=^ a G T^/:. (8) 

We moreover assume'^ that C lies in the subset of weakly flat connections, C C Af^^^{Tl), 
and that the quotient space C/Gl'^i^) by the based gauge group is compact. 



'This follows directly from the other assumptions if G has discrete center, i.e. [g, g] = g; see [9, Section 4]. 
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We know from [9, Section 4] that any such Lagrangian £ is a totaUy real submanifold 
with respect to the Hodge * operator for any metric on S, i.e. for every A Cz C 

LP(S, T*S ® g) = TaC *TaC. 

This should be compared with the Hodge decomposition for any A G Af^^^ (S) , 

LP(i;,T*E(8)fl) ^ imdA (B h\ (B *imdA 

with h\ — kerdyi fl kerd^. The quotient L := C/Q{Yj) has singularities in general, but C 
has the structure of a principal bundle 

gi^p(E) ^ £ ^ /:/ei'^(s) (9) 

over a smooth quotient C / Q].'''' {Yi) . Here we fix a base point set z C S consisting of exactly 
one point in each connected component of S, then the fibre is the based gauge group 

Every class in £/t/^'P(S) has a smooth representative. So the bundle structure shows 
that the VF '^'''-closure or restriction of £ is again a smooth Banach submanifold of ^'^'''(S) as 
long as (fc + l)(Z > 2, so tJ^''(S) is well defined. It is however unclear whether the L^-closure 
of C will necessarily be a smooth Hilbert submanifold of ^''■^(S). The lack of L^-charts for 
C will be compensated by the following proposition and the local slice Theorem 1.7. Recall 
the definition of the L^-balls in the local slice at A^ G A^''^{Yj), 

SaM :- {A G ^O'P(S) I dXiA - ^o) = 0, \\A - A^^- < e}. 

Proposition 4.2 For any Aq (z C there is an s > such that the intersection Lao '■= 
CnSAois) of the Lagrangian with the L^-ball in the local slice is a submanifold of dimension 
dim La„ = 2 dim h\ . 

Proof: Since C C »4jj'^j(S) we have the Hodge decomposition [9, Lemma 4.1] in the L^- 
topology, 

n\T.,g) =kerd^„eimdAo. 

This shows that TaqSaq = kerd^ is transverse to Tao^ ^ iuid^ip. We claim that the 
transversality of Sao and ^ persists in an L^-neighbourhood of Aq. Then by the implicit 
function theorem the intersection CClSAoi^) is a submanifold of both C and Saq- Note that 
TaSaq = kerd^j^ for all A G 5^0 and T^£ D imd^ for aU A £ £. So it suffices to prove 
that for all A G £ with d^ {A — A^) — and ||^ — ^oHl^ < e sufficiently small we have 

f}i(S,0) =kerd^„+imdA. 

To prove this we need to consider any a G rj^(S,g) and find ^ G VF^'P(E,0) such that 
a — dA^ G kerd^p. This is achieved by solving d^^^d^C = d^^^a, so we only need to check 
the surjectivity of 

d^^d^ : W''P{J:,q) D (kerd^J^ ^ imd^^^ C W-''P{J:,q). 

For A = Ao this is a Fredholm operator of index 0. For any other A G ^'^'^(E) it is a 
compact perturbation (and thus also Fredholm of index 0) since 

||d^„d^e - d*A^dAM\w-^.^ < C\\{A - Ao)\\L4aL^ 

and T4^^'P(E) ^-> _L°°(S) is compact. So instead of the surjectivity we can check the injec- 
tivity: Let ^ G (kerd^o)^ C W^^P{Y,g) with d^^d^^ = 0, then we use Corollary 2.3 (i) 
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with the local slice condition d^ (A — Aq) = and the weak flatness dAgdAa^ = of ^o to 
estimate 



0= /(dAo^A*d^O 
= HAM\h+ /(d^„eA*[A-Ao,e]) 

= HAM\h+ fu,HA-Ao)AdAM) 



E 



> \\dAM\h - CliUh^^ + \\dAM\L^)\\A-Aoh.\\dAM\L^ 
>{l-2CiC2\\A-A4L2)\\dAM\L-- 

Here we used the estimate \\£,\\l^ < C2\\dAo£,\\L^ for ^ G (kerdAo)""" and some C2 > 1. 
This calculation shows the injectivity of d^ d^ and thus the claimed transversality for 
\\A-Ao\\L2<e:^{2CiC2)-\ " ' □ 

The next two results replace the i^(S) to L^{H) extension properties [11, Lemma 1.6] of 
handle body Lagrangians Cr C A{Ti). First, we have the following weak form of a uniform 
curvature bound, restating Lemma 1.9 from the introduction. 

Lemma 4.3 There is a constant Ctc such that any smooth path A : {—sq, sq) — >■ C satisfies 



[dsAiO) AdsdsAiO)) <CTc\\dsAiO)\\:,,^.. 

Proof: This estimate is preserved under constant gauge transformations in Q^'P{T,). So by 
the compactness of C/QI'P{T,) it sufhces to establish the estimate for paths A : (— so, sq) -^ 
C that pass through the local slice, ^4(0) £ Sao, for some fixed smooth Aq e C We 
can moreover assume that the entire path A lies in an L^-neighbourhood of Aq. Then in 
Theorem 1.7 we can replace t/i'P(i;)/Stab(Ao) by the image of the exponential map on a 
W^'P-baU in the L^.complement of kerd^o, that is D^'P{6) n (kerd^o)^ C W'^''P{J:,g) with 
D^'P{S) := {^ e W^'P{J:,g) \ U\\w^,p < S}. For sufficiently small 6 > the map 

Sa„{£) X (D^^n^) n (kerd^J^) ^ ^"^^(S) 

m : 

(Ao+a,0 ^ exp{0*{Ao+a) 

is a diffeomorphism onto its image, which contains an L^-neighbourhood of Aq. So we can 
write A{s) — exp(^(s))*i?(s) with smooth paths ^ : {-sq,sq) -^ D^'P{S) n (kerdAo)-"- and 
B : (-.So, So) -^ LAo=Cr] Sa„{s) such that ^(0) = and 5(0) = A{0). 
Next, by Proposition 4.2 we have a trivialization of TLaq near Aq, 

^ La„ X TaoLao -^ Sao 

{B,P) ^ $(B)/3, 

such that $(5) : TaqLaq -^ TbLao is an isomorphism for all B sufficiently L^-close to Aq. 
We use this to write dsB{s) = $(i?(s))/3(s) with a smooth path /3 : (— so,so) — ?> TaqLaq- 
Now we have 

dsA{s) = exp(-e(s))(<J>(i?(s))/3(s)) exp(e(s)) + d^(,) (exp(-e(s))a, exp(C(s))) 

and hence by ^(0) = and B(0) = A(0) 

5,A(0) = cE.(A(0))/3(0) +d^(o)a4(0), 

dlA{Q) - [dsB{Q) + a,A(0), 9,^(0)] + T^(o)$(a,B(0))/3(0) + $(A(0))a,/3(0) 

+dA(Q){dim~dsmdsm)- 
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Note here that the last two terms in d'^A{0) he in T^(o)£, as does ^^^(O). So the symplectic 
form on dsA{0) and dgA{Q) simphfies as foUows. (From now on ah calculations will be at 
s = 0.) 

f (dsAAdsdsA) 

= f ({[dsA A {dsB + dsA)],dsO + {dsA ATAHdsB)f3) 

<Co\\dsA\\L2\\dsB + dsA\\L2\\dsaw^.2 + \\dsA\\L2\\TAm\dsB\\m\ 
< CTcWdsAWl^^^y 

Here we used Corollary 2.3 (ii) and the fact that d^Q^A — OsFa = as well as dA{o)dsB{0) = 
9sFb(0) — 0. From Remark 3.1 we have ||dyioC^sCI|L2 < Ci\\dsA\\L2, and so since dgS, S 
(kcrdAo)^ 

\\dsaw^,2 < C2\\dA„dsaL2 < C,C2\\d,A\\L2. 

As a consequence we obtain for dsB{0) = dsA{0) — d^(o)9sC(0) 

\\dsB\\L2 < \\dsA\\L2 + \\dA,dsaL2 + \\[{A - Ao),dsmL2 < C3\\dsA\\L2. 

Since i? is a path in the finite dimensional manifold Lao, all norms on dgB ^ TbLaq are 
equivalent. The same applies to the path /3 in TaqLao- So we dropped the subscripts from 
these norms and just note that ||/3|| < C4||9sA||i2 since $(i3)/3 = dgB and $(-6) is an 
isomorphism that is uniformly invertible for _B in a neighbourhood of Aq . Finally, we used 
a uniform bound on Tb$ : TbLa„ x Ta„Lao -^ LP{Y,,T*Y. ® g) for i? in a neighbourhood 
ofAo. □ 

Secondly, restating Lemma 1.10, we show that C C A'^''^{T,) is uniformly locally quasi- 
convex in the i^-metric, despite possibly not being a topological submanifold. 

Lemma 4.4 There are universal constants Cc and Sc > such that for all Ai,A2 G C 
with \\Ai — A2\\l2 < Sc there exists a path A : [0, 1] — > £ with A{0) = Ai, A{1) — A2, and 

\\dsA{s)\\L2<Cc\\Ai-A2\\L2 V.se[0,l]. (10) 

Before embarking on the proof we should remark that this lemma would be a mere 
corollary of Theorems 3.2, 1.7, and Proposition 4.2 if we knew that the local slice map is 
continuous in the sense that it provides u{Ai^ U2A2 S Saq in the local slice of a fixed nearby 
Aq such that Umi^i — ■U2^2|iL2 < Co||Ai — j42||l2. In the present proof we replace this 
unknown continuity by our knowledge of the bundle structure of C. 

Proof of Lemma 4.4: As in [11, Section 3] we choose standard generators ai, . . . ,a2g : 
[0, 1] — > E of 7ri(i;, z) that coincide near z. These extend to embeddings en : [—1, 1] x [0, 1] -^ 
S such that the loops ai{T, •) are based at the same family z : [—1, 1] — >■ S. This provides a 
family of holonomy morphisms Pz{t) • ^ ^^ G^^ given by parallel transport along the loops 
ai{T, •). Now [11, Lemma 3.1] says that for all Ai, A2 E C there exists r G [—1, 1] such that 

distG23(p2(^)(Ai), p^(^)(A2)) < Cill^i - A2||l1(s)- 

By [9, Lemma 4.3] the images Pz(t){C) C G^^ are smooth submanifolds. Moreover, £ is a 
^^^J^)(E)-bundle over the compact quotients C/glf^^{Y.) ^ Pz(r){^) ==: Mr C G^s. We fix 
a finite cover Mq ~ Ui=i ^0 such that there exist smooth local sections (j)j : Bi -^ C over 
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the closed unit ball Bi C M™ inducing diffeomorphisms p^fo) o (p^ : Bx ^ 14^ C G^^. Since 
the 4)j are smooth over the compact i?i, the maps Pz{t) ° 4'j '■ Bi — > Mr C G^^ will also be 
local diffeomorphisms for small variations of z{t). So there is a uniform constant C2 such 
that for all t G [—1, 1] and wi,W2 G -Bi 

llfi -V2\Wm < C2distG2g(p2(^)((/)j(i;i)), p^i^r){(l>j{v2)))- 

Moreover, we can assume that the U^ := pyj^r){4>j{Bi)) C G^^ provide a cover of M^ for all 

re [-1,1]. 

Now given Ai, A2 E C with \\Ai — A2\\l2 < S sufficiently small we find t G [—1, 1] such 
that Pz(t){Ai), Pz{t){A2) £ G^^ are so close that they lie in the same chart U-j. for some j. 
Then the v^ := {Pz{t) ° </'j)"Vz(r)(^j) G Bi satisfy 

Ikl - W2IIE'" < C1C2IIA1 - A2||li(S)- 

Moreover, we will have Ai ~ u*((j)j{vi)) for some Ui G Qf^CE). From this we can construct 
a first part of the required path. A{s) := U2{(f>j{v{s)) with v{s) := (1 — s)vi + SV2) connects 
A{1) = j42 to a connection A{0) — u*Ai which is gauge equivalent to Ai by u = u^^U2 G 
Q^-P{Y^). The length of this path is bounded by 

\\dsA{s)\\L2 = \\{T^is)<l)j){v2 - Vi)\\l2 < C3\\VI - i;2||R'" < C1C2C3IIA1 - A2\\li. 

So it remains to prove the lemma for gauge equivalent connections Ai — A,u*A G C with 

\[A - u*A\\l2 <\\Ai- A2IU2 + \\A2 - u*Ax\\l2 

< ||Ai - A2IU2 + C1C2C3P1 - ^2||li < C4IIA1 - A2IU2 < C\Sc 

Note that the claim of the lemma for these is preserved under gauge transformation of 
A. Now we need to digress for a moment to produce an open cover of £/t/^'P(S) by 
neighbourhoods on which we can achieve uniform constants. Given any base point ^0 G 'C, 
Proposition 4.2 provides eA„ > such that Laq -=^11 Sao{£Ao) is a smooth submanifold 
and hence locally connected (though with respect to the L^-topology). So we can find 
Sao > such that any A G £ fl Sao with || A — Ao|| lp < 6ao lies in the same connected 
component of La,, as ^o- Since £/t/i'P(E) is compact, we can now assume without loss of 
generality that A G Sao{£) li^s in the local slice of one of finitely many base points Aq G C, 
and moreover jj A — Ao|| lp < Sao- 

Next, we can pick the constants eao > and 6c > such that eaq + CaSc < 5 for the 
(5 > from Theorem 3.2. Then that theorem provides a path v{s)* A G C from v{{))* A = A 
to v{l)*A such that d^ (v{l)~^ *u*A — Aq) = 0, and whose length is bounded by 

\\ds{v{syA) 11^, < C4(l + j|A - AoWlp) \\u*A - A\\l2 < 2C4u*A - A\\l2. 

It remains to connect the endpoint v{l)*A to u*A. Equivalently we can connect A to w*A 
(with w ^u- v{l)-^ G Stab(^o)) for A,w*A G Saq and 

\\A - w*A\\l2 = HiyA - u*A\\l2 < (1 + 2C5)\\A - u*A\\l2 < Ce\\Ai - A2\\l^ < C'eSc- 

Since w G Stab(Ao) we have \\w*A — Ao||lp = \\A — ^o||lp < Saq, so by construction 
both A and w*A lie in the connected component of Aq in the finite dimensional manifold 
La„ — Cn Sao {sAo ) • They can thus be connected by a geodesic in Lao C C whose length 
(and speed) is bounded linearly by \\A — w*A\\l2. 

If we first reparametrize the three separate paths above so that they are constant near 
the ends (and their slope in the interior is at most doubled) , then the concatenated path is 
smooth and satisfies the claimed bound on the derivative for all times. □ 
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5 The C hern- Simons functional 

Throughout this section we consider a gauge invariant Lagrangian submanifold £ C A'^'^ 
as in Definition 4.1. We moreover assume that the quotient space £/QI'P(Y^) is connected 
and simply connected for some (and hence every) base point set z C S. The aim of this 
section is to define a local Chern-Simons functional for short arcs with endpoints on C and 
establish an isoperimetric inequality. 

We consider a smooth path A : [0,7r] — > A(T^) with i^-close endpoints A(Q),A{tt) e C 
Then Lemma 4.4 provides a continuous and piccewise smooth path A : 5^ — > .4(S) with 
A|[o.7r] = A and A([tt, 27r]) C C such that 

\\d^A{cl>)\\L2 < Cc\\A(0) - A{1)\\l2 V0e[^,27r]. (11) 

We pick any such path to define the local Chern-Simons functional for A by the usual 
Chern-Simons functional on S*^ x S for the extended connection A, 

CS{A):=-\j f {A/\d4,A)d(P. (12) 



A different choice of the extension path A : [n, 27r] — ;> C would change CS{A) by the value 
of the Chern-Simons functional on a loop B : S^ ^f C. This value however is invariant 
under homotopies: Let B : [0, 1] x S"^ — > £ be continuous and piecewise smooth, then 
d^B, dgB € Tb£ for almost all (s, (f) and thus 

CS{B{1, .)) - CS{B{{), .)) = 1 / I- / / ( B{s, <f>) A d^B{s, cf>) ) d0 ds 

u;{d^B{s,^),dsB{s,<l)))d^ds = 0. 
Js^ 

So the local Chern-Simons functional in (12) is well defined up to the additive subgroup 
CS{ni{£j) C M. By our assumption on the base space £/QI'P{T,) of the bundle (9), the 
fundamental group ni{C) is generated by loops u*Ao for Aq £ £ and u : S^ ^ G{^)- For 
these we have CS{u*Ao) ^ CS{Ao) - 47r2degu e An'^Z, and thus CS{Tri{C)) = Att'^I. With 
this we will see that our local Chern-Simons functional is in fact real valued when restricted 
to sufficiently short paths, and it moreover satisfies an isoperimetric inequality. 

Lemma 5.1 (Isoperimetric inequality) 

There is e > such that for all smooth paths A : [0, tt] — > »4(S) with endpoints A(0), A{tt) G C 
and L \\dct,A\\]^2(^-^^ < s the local Chern-Simons functional (12) is well defined and satisfies 



\CS{A)\ < ^il + 7:Cc)'(f\\d^A\ 



L2(E) 



Proof of Lemma 5.1 : Let A : [0, tt] -^ A{T,) be a smooth path with A(0),A(7r) e C 

and /„ ||90j4|j^2(-5]') < e, where e > will be fixed later on. Consider any extending path 
A: S''- ^ A{^) such that A|[o.7r]xs = A ^([tt, Stt]) C C, and (11) holds. With this we have 
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2\CSiA)\ 



27r 



{AAd^A)d(f) 



< 



< 



JT, 

I { (i(0) + f d^A{9) de) A 9^i(0) ) d(f> 
Jo Jt. 

||90i(0) 



lL2(s) 



9^ A 



VA||^,(j.^d0 + 7rC£P(O)-A(^)|U2(s) 



<(l + 7rC£)2 



r<A"^llL2(s)' 



2^2 



< (l + 7rC£)V 



If we choose £ > small enough, then this implies that our choice of extension path will 
always yield values CS{A) e [— 7r^,7r^]. If we change the path A, then as seen before the 
Chern-Simons functional will change by a multiple of 47r^ . This cannot lead to another value 
in the interval [— 7r^,7r^], hence the value of CiS(^) is uniquely determined by the condition 
(11) on the extensions. □ 



The Chern-Simons functional for handle body Lagrangians 

For a Lagrangian submanifold L = Hn that arises from a handle body H with dH = S 
an alternative definition of the Chern-Simons functional is given in [11, Section 4]. For 
A : [0,7r] -^ -4(E) with L^-close cndpoints A(0), A(7r) G C^ we defined 



CSh{A):=-\ r f {AAd^A)dcf,-^ f 
Jo Jt. Jh 



(Aff(0)A[A^(0)AAff(0)]) 



+ ^ / {Ah{tt)A[Ah{^) A Ah{^)]), 
Jh 

where flat extensions Ah G Aiia.t{H) are chosen such that Ah\t, — A\y, and l|A//(0) ~ 
'^h{t^)\\l'\h) < C'//||j4(0) — A(7r)||^2(-5]-, with some uniform constant Ch- Here we show that 
CSh agrees with the more general CS given by (12). 

The extensions Ah{0), Ani'n) G -4flat(-ff) determine a path A : [tt, 27r] — > Ch uniquely up 
to homotopy, by requiring that A extends to a path Ah ■ [tt, 27r] -^ ^fiat(-ff) with the given 
endpoints Ah{tt) = Ah{tt) and Ani^Tr) ~ Ah{0)- This is since ^flat(-ff) is a bundle over 
the simply connected base SU(2) x • • • x SU(2), whose fibre Gz{H) is also simply connected 
(since H retracts onto its 1-skclcton and 7r2(SU(2)) = 0). With this path we indeed obtain 
CS{A) =CSh{A) since 



i / (iAM) = i / ({d^^AH/\d^AH)-{AHAd^j4,AH) 

A f 

= T2^ / {[Ah ^ Ah] h Ah) 
d^ Jh 

Here F^^ = 0, so d^^An = [Ah A Ah] and d^^d^An = d^F^^ = 0. 
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6 Bubbling for ASD instantons with general Lagrangian 
boundary conditions 

In this section, based on the resuhs of Sections 4 and 5, we extend the compactness results 
of [11] for anti-self-dual connections with Lagrangian boundary conditions (3) to the more 
general class of Lagrangian boundary conditions L introduced in Section 5. 

Theorem 6.1 Let C C A^'^ he a gauge invariant Lagrangian submanifold as in Defini- 
tion 4.1 for some p > 2, and suppose that the quotient space C/Q],'^{Yi) is connected and 
simply connected for some base point set z C S. Then the energy quantization Theorem [11, 
Thm.1.2] and the removable singularity Theorem [11, Thm.1.5] continue to hold with Cy 
replaced by C. This finishes the proof of compactness for moduli spaces of (3), as already 
claimed in Theorem [7, Thru. 7. 2]. 

Rather than copying statements and proofs we provide new results and indicate how 
these can replace the (few but crucial) arguments in [11] that are based on the special form 
of the Lagrangians. Roughly, we only need to replace [11, Lemma 1.6] and the definition of 
the local Chern-Simons functional. 

As in [11] we fix a metric of normal type ds^ + dt^+gs,t on Z?xS, where D :— 5^(0) nH^ 
is the 2-dimensional half ball of radius tq > and centre 0. We consider a connection 
S e A{D X S) that solves the boundary value problem 

Fh + *^h-0, S|(,,o)xEe/: VsG[-ro,ro]. (13) 

In the proof of the energy quantization [11, Theorem 1.2] we only need to replace the 
estimate for the normal derivative in [11, Lemma 2.3] by the following result. We express 
the connection in the splitting E = A + ^ds + 'i'dt and denote by Bs = dsA — d^$ one of 
the curvature components. 

Lemma 6.2 There is a constant C (varying continuously with the metric of normal type 
in the C^ -topology) such that for all solutions S € A{D x E) of (13) 

Q I II II 2 / II 

o_\ p K ^ niW'R 

Proof: As in [11, Lemma 2.3] we have 
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The estimate for this normal derivative can be checked in any gauge at a fixed (.so,0) G 
D n OT^. We choose a gauge with $ = and hence Bs = dsA. Then S|(. o)xe = A{-, 0) is 
a path in C to which Lemma 4.3 applies. So we calculate 

^ f (VsBsABs) = f {dsAAdsdsA) < CTc\\dsA\\l,^^^ = CTcWBsWh^j^y 

The constant Ct£ does not depend on the metric and the constant C above varies as in 

[11]. □ 

For the removal of singularity Theorem [11, Thm.1.5] we denote punctured half balls by 

d; := Br{o) \ {0} n H^, D* := d; 



ro 
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and consider a finite energy solution 5 € A{D* x E) of (13). Using polar coordinates 
r £ (0,ro], (f) G [0,7r] on D* we can always choose a gauge E = A + Rdr with no d(/)- 
component. Then the energy function is 

£ip)--^U \F^\' = r r(||F^||i.(5,)+r-2||a^A||i.(j,))rd0dr. (14) 

Jd'^x^ Jo Jo 

In the proof of [11, Theorem 1.5] we only need to replace the isoperimetric inequality [11, 
Lemma 4.1 (ii)]. This is reproven in the following lemma. 

Lemma 6.3 Let S G A{D* x S) satisfy (IS) and 5(ro) < cxd, and suppose that it is in the 
gauge R ^ A + Rdr with $ = 0. Then there exists < ri < tq such that for all r < ri 

S{r) = -CS{A{r,-)) < ^{1 + nCcf (f \\d^A{r,<f>)\\^,^^^dA < ^^^^(r) 

and hence £{r) < Cr"^' with some constants C and /3 > 0. 

Its proof uses [11, Lemma 5.4], restated below, which directly generalizes to the present 
case (using Lemma 6.2 in the proof instead of the normal estimate from [11, Lemma 2.3]). 

Lemma 6.4 There exist constants C and e > such that the following holds. Let S be 
a smooth connection on D* x S that satisfies (13). Suppose that £{2r) < e for some 
< r < 2^0; then for all (f) G (0, tt) 

||FH(r,0)||i.(s) < Cr-^£{2r) and \\F^{r,cj>)\\l^^^^^ < C(r sin0)-4f (2r). 

Proof of Lemma 6.3: Let < p < ri (where < ri < tq will be fixed later on), then by 
assumption £{p) < ^(^o) is finite, i.e. it exists as the limit 



£{p) = lim i / \Fs 

"^^^ J(D,\D,)xi: 



We aim to express this as the difference of a functional ai r — p and at r — (5. The 
straightforward approach picks up additional boundary terms on {<j) — 0} and {0 = tt}. We 
eliminate these by gluing in [tt, 27r] x S and extending the connection by paths in C. 

More precisely, {Dp \ Ds) x S is diffcomorphic (with preserved orientation) to [S,p] x 
[0, tt] X S, and we glue in [S, p] x [tt, 2tt] x S to obtain the smooth 4-manifold [S, p] x S^ x H 
which has the boundary components S"^ x S at r = p and S^ x'S a,t r = S. Next, A{-,0) 
and A{-,Tr) are smooth paths in C, and for sufficiently small ri > they will automatically 
lie in the same connected component (see (16) below). So we can pick a smooth family of 
extension paths A : [S,p] x S^ ^ ■^i'^) with ^|[5,p]x[o,7r] = ^ and A([(5, p], [tt, 27r]) C £. We 
also extend the function R : [S, p] x [0, tt] x S ^- g to a smooth function R : [S, p]xS^ xY, ^ g. 

These extensions match up to a VF^'°°-connection E := A + Rdr on [S, p]x S^ x S. Note 
that the extension over [S, p] x [tt, 27r] x S will not contribute to the energy expression for 
the instanton, that is 

JS Jit Jt, 

(( Fj^,d^R) + { (drA - d^R) A d^A )) d0 dr = 0. (15) 



p f-27T 

S Jtt JE 
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This uses the fact that A ^ C, hence Fj = and Jj,{ {Or A — djR) A ^0^) = since this is 
the syniplectic form on tangent vectors to the Lagrangian C. 

We will choose the extension paths A{-, [tt, 2tt]) such that for all S < r < p the functional 
C{A{r, •)) given by the right hand side of (12) with this extension path equals to the local 
Chern-Simons functional CS{A{r,-)). For this purpose let £ > be the constant from 
Lemma 6.4 and choose < ri < ^tq such that £{2ri) < e. Then for all < r < ri 

(j^ \\d^A{r,cj,)\\^,^^^dc^ <nj^ \\d^A{r,c^)\\l,^^^dcj) (16) 



Jo ^ ' 

Now choose ri > even smaller such that C£{2ri) < min(7r^,£^) with e > from 
Lemma 5.1, and such that A{r,0) and A(r, tt) automatically lie in the same connected 
component of C for r < ri. Then the lemma applies to A{r,-) for all < r < ri. In 
particular, since p < ri, we can choose the family of extension paths to end at A(p, •) such 
that 

C(i(p,-)):=-i /" f {A{p,cf>)Ad^A{p,c^))d<f> = CS{A{p,-)). 

Jo J'E 

Moreover we know that for all r G [6, p] the path A{r, •) is sufficiently short for the lo- 
cal Chern-Simons functional CS{A{r,-)) to be defined and take values in [— 7r^,7r^]. Now 
C(A(r, •)) is a smooth function of r G [S,p] whose values might differ from CS(A{r, •)) by 
multiples of 47r^. We have equality at r = p and hence by continuity for all r G [S,p] as 
claimed. Thus we actually express the energy of S in terms of the local Chern-Simons 
functional 

kf \FE\' = -h[ {FaAFa) 

J{Dp\Ds)xi: J[<5,p]xSixE 

= -C(i(p,.))+C(i(<5,-)) (17) 

= -CS{A{p,-))+CS{A{S,-)). 

Here we have FaAFa = -|FhP dvol on {D p\D s) xY. a.nd J{FaAFa ) = on [S, p] x [tt, 27r] xS 
by (15). Now by Lemma 5.1 

\CS{A{r,-))\ < U'^ + nCcf (J^\\d^A{r,c^)\\^,^^^dA 

<^-^^^{^J\^F.irMU,,d^- 
As r — > this expression converges to zero by Lemma 6.4. Thus for all < p < ri 

s{p) = ^cs{A{p,-)) < y-' l\^Fs{p,(t>)\\l,^^^dcj, = ^r'p£{p) 

with /3 = 7r^^(l + ttCc)^'^ > 0. By integration this implies £{r) < Cr'^^ for aU < r < ri. 

D 



References 

[1] M.F.Atiyah, R.Bott, The Yang Mills equations over Riemann surfaces, Phil. Trans. 
R.Soc.Lond.A 308 (1982), 523-615. 

25 



[2] K.Cieliebak, A.R.Gaio, I.Mundet, D.A.Salamon, The symplectic vortex equations and 
invariants of Hamiltonian group actions, J.Symp.Geom. 1 (2002), 543-645. 



[9 

[10- 

[11 

[12- 



A.Floer, Instanton invariant for 3-manifolds, Comm.Math.Phys. 118 (1988), 215-240. 

R.Hardt, F.H.Lin, Mappings minimizing the U'-noim of the gradient, Comm. Pure 
Appl. Math., 40 (1987), no. 5, 555-588. 

J.Heinonen, Lectures on analysis on metric spaces, Springer, 2001. 

T.S.Mrowka, The structure of borderline configuration spaces in gauge theory, in prepa- 
ration. 

D.A. Salamon, K. Wehrheim, Instanton Floer homology with Lagrangian boundary 
conditions. Geometry & Topology 12 (2008), 745-918. 

M.E.Taylor, Pseudodifferential operators and nonlinear PDE, Progress in Mathematics 
100, Birkhauser 1991. 

K. Wehrheim, Banach space valued Cauchy-Riemann equations with totally real bound- 
ary conditions, Comm. Contemp. Math. 6 (2004), no. 4, 601-635. 

K. Wehrheim, Anti-self-dual instantons with Lagrangian boundary conditions L 
Elliptic theory, Comm.Math.Phys. 254 (2005), no. 1, 45-89. 

K. Wehrheim, Anti- self- dual instantons with Lagrangian boundary conditions H: Bub- 
bling, Comm.Math.Phys. 258 (2005), no. 2, 275-315. 

K. Wehrheim, Energy quantization and mean value inequalities for nonlinear boundary 
value problems, J.Eur.Math.Soc, 7 (2005), no. 3, 305-318. 



26 



